In this paper, an efficient computational solution technique based on the energy balance equations is presented for the dynamic analysis of shear-frames, as an example of a multi-degree-of-freedom system. After deriving the dynamic energy balance equations for these systems, a new mathematical solution technique which is called Elimination of Discontinuous Velocities is proposed to solve a set of coupled quadratic algebraic equations. The method will be illustrated for the free vibration of a two-story structure. Subsequently, the damped dynamic response of a three-story shear-frame which is subjected to harmonic loading is considered. Finally the analysis of a three-story shear-building under horizontal earthquake load, as one of the most common problems in Earthquake Engineering, is studied. The results show that this method has acceptable accuracy in comparison with other techniques, but is not only faster compared with modal analysis but also does not require adjusting and calibrating the stability parameter as compared with a method of time integration like the Newmark method. , P.O. Box: 27708-0187. 2 1. Introduction Generally, in all engineering fields that deal with structural design, understanding the dynamic behavior of structures is very important [1] . In this context, although the applications of structural dynamics in aerospace engineering, civil engineering, engineering mechanics, and mechanical engineering are different, the principles and solution techniques are basically the same [2] . Accordingly, dynamic analysis plays a vital role in analyzing the dynamic response of buildings [3] , dams [4, 5] , and bridges [6] to earthquakes. Control of very tall and slender buildings are among the most important issues for civil engineering researchers and have frequently been investigated in recent years.
where ai is the acceleration of i th mass, i.e. i i dv a dt  (6) Expanding the series in Eq.(5) leads to 1 
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where ci and pi denote the damping coefficient and external force of i th mass.
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Each part of Eq. (11) according to the definition of various energies, i.e., the area under the curve of the loaddisplacement, implies the changes of a specific type of energy.
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Considering the i th mass   (23) In principle, after discretizing Eq.(23) by using numerical integration methods, such as Trapezoidal and Simpson techniques [12] , the correspondent energy equation of i th mass would be evaluated from Eq. (24) . (See Appendix.A, for details)
where, Ai, Bi, Ci, Di, Ei are constant coefficients that are determined from discretizing of integrals in energy balance relations; e.g., in the first time step that we have to use the Trapezoidal method, these coefficients take the following forms
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In the time steps after the primary time step, to increase the accuracy of integration by using the Simpson method, one can write
.
  (26) where j denotes the number of steps.
Solution procedure of coupled quadratic energy equations
As we saw in the previous section, after discretizing the energy balance equations, we are encountered with a set of equations in the following quadratic form 
Mathematically, in solving the previous equations there are two main problems: A) these equations are coupled and that means they are dependent on each other and must be solved simultaneously; in other words, we cannot calculate vi from i th equation directly. In addition, it should be noted that in the absence of damping the equations would be decoupled, viz., damping is the reason for coupling the equations. B) The quadratic form of equations implies that more than one velocity at each time step; i.e., from the physical point of view at every time step these relations provide some unreal velocities in addition to the actual velocity of the structure. To better understand the above expressions, suppose that in a sample 2-DOF structure in a given time step we want to solve a mathematical equation of the form
If the terms of v2v1 do not exist, one can obtain two values of each of v1 and v2 from solving the two uncoupled quadratic equation. However, with considering the v2v1, by combining the equations together and write them only in terms of one variable, we have
From Eq.(29), by solving the two fourth-degree equation, it is apparent that four values for each of v1 and v2 will be obtained. Note that at any moment the velocity of each mass is unique and only there is one value for real velocity of the system while in this case, three unrealistic velocities for each mass have appeared in the equation. Apparently, this method (direct method) cannot be used to calculate the velocities at any instants, especially in large DOF systems, and we have to use a numerical method to calculate the velocities in each time step. In this context, as it is demonstrated in Appendix.B, well-known solution techniques like Newton-Raphson method are not efficient for the system of equations under consideration in this study. Two main reasons for the deficiency of these methods when applied to the considered equations in each time-step can be expressed as follows: a) Need for derivative of the system of equations b) Complex and time-consuming process of inverting the Jacobi matrix (specifically in large-scale structures).
Elimination of discontinuous velocities technique
The problem of coupled equations exists in many engineering fields, particularly in multi-dimensional systems, hence many researchers have studied how to solve these equations (e.g., refer to [45] [46] [47] [48] [49] [50] [51] ). For the current study, a novel numerical method is presented in which the real velocities of the system at any time step can be easily calculated by removing the unrealistic velocities from the coupled equations.
In the proposed technique, first, the problem of coupled equations is resolved by neglecting of the coupling terms (terms that are the product of two different velocities). In this case, assuming a structure with n-DOF, we are faced with an n-quadratic equation in terms of velocity. To solve the problem of non-linear equations (quadratic in terms of velocity) and detect the actual velocities of system at any time, it is assumed that the variation of velocities with respect to time is continuous. Therefore, among the two velocities obtained at any time from the quadratic equations, the velocity closer to the velocity of the previous time step is selected as the real velocity of the structure. Therefore the name of the method is chosen as Elimination of Discontinuous Velocities Technique. At the beginning of this procedure, the coupling terms are ignored to obtain the velocities; here, the values of continuous velocities are substituted into them, and this iteration will be continued until the velocities in two subsequent iteration approach to each other. Table. 2 gives a summary of the method.
Numerical examples and results
Various examples of multi-story shear-frame structures are analyzed by using the energy method in this section. In the first example, the vibration of a simple two-story shear-building has been investigated to describe the procedure of presented method in detail. In the next examples, some multi-story shear-frame structures subjected to harmonic and earthquakes loadings have been studied. Moreover, the results were compared with the exact solution and other common methods
Example.4.1. The free damped vibration of a two-story shear building. Fig.2 shows a 2-DOF shear-frame in which for convenience the dynamic properties of the structure are chosen as: m1=m2=k1=k2=1, and c1=0.06, c2=0.16 (all units assumed to be compatible). Also, the following initial conditions will be considered in this example. 00 
, 24
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In free-vibration cases, the equation of motion of these structures can be expressed as
where the mass, damping, and stiffness matrices are
Thus, by multiplying the matrices and vectors, we have the following governing equations
Here, the Laplace transform method is used to determine the exact solution of this problem (for details, see Appendix.C). 
Applying the energy method By substituting the assumed parameters of this example into the Eq.(23), the energy balance equations of the system would be as follows
Now, the integrals in above equations should be discretized to obtain the algebraic equations. Since Simpson rule needs at least three-point for integration, it cannot be used in the first time step. Hence trapezoidal method must be used in the first time step. For the problem at hand, the size of time intervals are assumed to be ∆t=0.1s, and according to Table. 2, x1 and x2 (dynamic responses of floors at the time of t=0.1s) would be approximated by the Euler formula as follows
Discretized form of Eq.(36) is
Neglecting the coupling term, i.e. (-0.008v1v2), we have two quadratic equations as follows 
Roots of these quadratic equations are 
By comparing the roots obtained from Eq.(39) with the velocity in the previous step, v1=3, v2=4, the closest velocities to previous step are selected and other ones are omitted. 
Now, new values x1 and x2 at t=0.1s can be approximated by using the average of the velocity of this step and previous step, hence
Here, the coupling term (-0.008v1v2), which was neglected previously, might be given by the substitution of v1=2.9568 and v2=3.5867. 
Now, the updated coupling term becomes
By introducing a relative error, ei j , for velocities, as an absolute value of
where i is the number of story and j denotes the number of iteration. As shown in Table. 3, the procedure can better be monitored by this definition. Note that in this case tolerance is chosen as 10 -2 . Also, Fig.3 illustrates the process of convergence which is shown the error of analysis vs. number of iteration. If we use a computer program to continue the process to t=10s, we can get the dynamic response of the system, as displayed in Fig.4 . This figure compares the obtained results of the presented method against the exact solution of the problem. As shown in Fig.4 , notwithstanding the size of time intervals ∆t=0.1 selected is not very small in this analysis, it can be seen that the proposed method has excellent accuracy compared with the exact solution; in other words, the numerical solution can properly approach to the exact solution of the problem in this case. Now, by choosing a fixed time interval, which is deliberately not chosen too small, typically ∆t=0.2 here, we are going to compare the accuracy and speed of analysis of presented method with other conventional methods such as modal [52] , Newmark [23] , and combined techniques like modal-Duhamel [53, 54] and modal-Newmark (see Fig.5 and Fig.6 ). Adjustment factors in Newmark method, which are used to improve the accuracy and stability of the method, respectively are selected as: β=0. 5 and ϒ=1/6 (typically these values which yield the linear acceleration method, are used in practice). In addition, combined modal methods also by converting an n-DOF structure to n-SDF systems and by using numerical techniques such as Duhamel and Newmark the structural analysis will be performed. The tolerance of the proposed method is considered as 10 -2 .
From Fig.5 and Fig.6 , it can be observed that the presented method compared to other conventional methods used in the dynamic analysis of MDF structure, has acceptable accuracy. In fact, (considering a constant ∆t) among all methods, combined Modal-Duhamel and the proposed method have been closer to the exact response of problem. Furthermore, in engineering analysis, the time required to calculate the solution, or the speed of numerical technique, is one of the factors influencing the choice of method. So in this section, in accordance with the Table.4, the required times for analysis by the various numerical methods are compared. The results show that the methods using the modal techniques are very time-consuming compared to other methods; For example, the computational time for the proposed approach is less than half of the other modal methods. It must be here stated that although the whole of damping matrices considered in this study are of a classical/proportional type, but in general, for non-classical damping, it is not easy to apply a conventional modal method. Because in this case the frequencies, the shape-modes, and damping ratios in addition to the mass and stiffness matrices, depending on the damping matrix of the system, and the complex modal coordinate must be used (for more details, see [55] [56] [57] ). On the other hand, it is noteworthy that the energy-based method presented in this research has not any limitations in this regard and the classical or non-classical damping will be analyzed without a particular modification (it is another advantage of this technique).
Example.4.2. The damped harmonic vibration of a three-story shear building.
A two-DOF shear-frame is depicted in Fig.7 in which, like the previous example, for convenience, the dynamic properties of the structure are selected as: m1=m2=m3=k1=k2=k3=1, c1=c2=c3=0.1, and the zero initial conditions will be assumed in this example. The structure is subjected to harmonic loads as: p1=cost, p2=cos2t, p3=cos3t. (All units are compatible) In this case, the equation of motion is 
Hence, the governing equations of this problem would be given by 1  1  2  1  2   2  1  2  3  1  2  3   3  2  3  2  3 0.2 0.1 2 cos
As for the previous example, the Laplace transform method is used to determine the exact solution of the problem (for details, see Appendix.D). 
Applying the energy method Using Eq.(23), the energy balance equations of this system would be as follows
After discretizing the Eq.(50) and using Table. 2, the same procedure as in the former example, must be performed. In this case, Fig.8 through Fig.10 gives the obtained results where the dynamic response of floors, assuming ∆t=0.2s and e=0.01, is plotted by using the various numerical methods vs. exact solution of the problem. Fig.8-Fig.10 demonstrate that with a fixed size for time intervals, the proposed method in this study together with Modal-Duhamel technique are very close to the exact solution of the problem, and the methods using Newmark technique (with β=0.5 and ϒ=1/6) are not appropriately converged. Here, similar to the previous example, the required time for analysis of this example is indicated in Table.5 where it can be observed that, like former analysis, the modal techniques are very time-consuming compared with others. In addition, note that although it is true that Newmark method has a good speed, in this case, its accuracy is not good compared to other methods.
After observing Figs.8-10, given that the modal-Duhamel method has been shown to be more accurate than other approaches. Here, the effect of the numerical technique used in the approximation of the Duhamel integral is investigated. In this regard, in addition to the Simpson rule which was used at first, the Trapezoidal rule for computing the Duhamel integral is also provided in Figs.11-13 . Moreover, it must be mentioned that to prevent the cluttered graphs the results of the Newmark and Modal-Newmark methods are not represented in these figures.
Generally, Figs.11-13 show that the accuracy of the Duhamel method is strongly dependent on the numerical method (Simpson with trapezoidal) used in the approximation of this integral. As compared to the proposed method, the use of the Simpson method leads to more accurate results, and conversely, the application of the Trapezoidal rule leads to a reduction in the accuracy compared with the presented method.
In the following, to examine the efficiency of the proposed method in the case of large-scale structures. A highrise 20-story shear-frame (as a generalized system of the structure studied in Example 4.2.) is considered with dynamic properties as below 1 , 0.1 , 1 , cos , 1, 2,..., 20
Now, by choosing the last node above the structure (as a control point) and then employing the proposed method, if we plot the roof's velocity in 10 seconds versus two converged velocities: vroof (1) and vroof (2) at the end of iterations in quadratic energy equation, Eq.(24) as displayed in Fig.14. From Fig.14 it can be seen that in this large-scale system, the roof velocity is properly calculated from the selection of right velocity based on the assumption of continues velocities in time. Though, it seems that future works especially by considering the nonlinear behavior in other high-rise building systems are essential to verify the efficiency of the given method in general problems of structural dynamics.
Example4.3. The forced damped vibration of a three-story shear building subjected to an earthquake.
Consider a three-story shear-frame that is described in Fig.15 , and subjected to ground motion, EL-Centro earthquake (PGA 6 =0.3g) as shown in Fig.15 . Also, the dynamic characteristics of the system are: m1=m2=m3=1, c1=c2=c3=0.05, and k1=k2=k3=10. Moreover, the zero initial conditions are assumed in this case. (All units are compatible)
In this case, due to earthquake loading, by definition of effective force (peff) the equation of motion is
where, peff defines as the negative product of the mass matrix   m , influence coefficient vector   l , and the acceleration vector of ground motion   g x , i.e.       eff g p m l x  (53) For the problem at hand, influence coefficient vector is
where, mass, damping, and stiffness matrices are Applying the energy method According to Table. 2, and two examples mentioned before, via the Energy method, and assuming prior assumptions, except the value of tolerance that is equal to e=10 -4 , the dynamic response of the structure can be plotted. As we know, in this kind of problems there is not a closed-form analytical solution which can be used to compare the results. Thus, only the results of various numerical methods (in a fixed time interval equal to 0.02) are plotted in Figs. 16 to 18 .
It should be noted that in Fig.16-Fig.18 marked points on the figures are not indicative time steps and they are selected to distinguish the results better. In addition, the obtained results of Newmark and Modal-Newmark methods are overlapped, and cannot properly be identified. According to the figures, an acceptable agreement between the presented method and other methods can be seen. Hence, this method can be used for long-time dynamic analysis of shear-frames such as seismic analyses.
Once again for comparing the speed of analyses, Table.6 gives the required time to analyze the third example of this investigation. Similar to previous examples, it can be observed that, in a constant time interval, the proposed method regarding computational time is in second place after Newmark method.
At first glance, however, the times given in Table. 6 may look great for a small 3-DOF structure. However, it should be here mentioned that the times presented in this table include executing all the commands written within the MATLAB program (e.g., time-consuming syntaxes like (xlsread). In other words, these values do not indicate the real time of the implementation of the integration schemes and are used only for comparison between different types of methods.
Stability and accuracy analysis
Here, the effects of time step size on the accuracy and stability of the presented method are discussed. In this regard, Bathe [58] has been proposed a technique based on the free response analysis of a simple SDF system, as shown in Fig.19 . For simplicity, if we assume the following parameters in a compatible unit system: m=1; k=4π 2 ; x0=0; and, v0=1. The free response of this system (exact solution of the problem) can be written as follows ( ) (sin 2 ) / 2 x t t    (56) With respect to this exact response, the values for the period and amplitude of the vibrational motion are equal to TExact =1 and AExact =1/2π, respectively. Obviously, the numerical solution obtained from the presented method will differ with these values. So, it would be appropriate to define two following parameters.
and,
where RT and RA respectively represent the numerical error in periodic and amplitude of the vibrational system. TNuml and ANum also are the period and amplitude obtained from the numerical method, which are functions of the size of the time step, ∆t, used to discretize the time. Thus, taking into account different values for the time step, one can plot the parameters RT and RA as shown in Fig.20 . According to Fig.20 , as the time step increases (with the rise of the numerical error in the system response), the accuracy of the solution is reduced, as expected. For example, when the time step size is ∆t=0.1, the relative errors in the period and amplitude of the system respectively are equal to about 1.5% and 13%. In general, the results of this section show a greater sensitivity to the amplitude of motion than the period (this is in line with the results of the reference [27] ). Moreover, a key observation can be made from this figure; that is, by increasing the value of time step numerical errors increase significantly at a certain value (about 0.1 to 0.15), indicating that instability will occur in the numerical solution. For example, in the case of ∆t=0.15, the use of about 6-7 points for the approximation of a complete sine wave created a significant error. Therefore, the selection of the appropriate value for ∆t is essential in practice. Since large ones, by eliminating the precision of solution, can lead to instability. On the other hand, small ∆t also increase the computational time. Consequently, an optimum size for time step should be used in practical dynamic analyses.
Conclusions
In this paper, a novel step-by-step solution technique based on energy method is presented for the dynamic analysis of shear-frames, as one of the applicable structures in practice. In this method rather than working with the equation of motions, we solve the energy balance relationships which have some advantage. For example, it leads to a reduction of unknowns. The proposed method is performed on various examples including harmonic and earthquake loading. The main implications of the study can be listed as follows:
 The results show that the method has good accuracy compared with other common methods (e.g., it is more accurate vs. Newmark method).  Another advantage of this method compared to other time integration methods such as Newmark is avoiding selecting and calibrating the velocity and acceleration adjustment parameters such as ,  .
 Modal methods which have shown good accuracy in combination with Duhamel's Integral, has complex mathematic relationships, particularly with increasing the degrees of freedom of the structure, and as was observed in this study, they are more time-consuming than other techniques.  The presented method, with a simple mathematical algorithm, has good accuracy and speed of analysis, and by selecting an allowable tolerance (usually in the range of 0.01-0.0001), it can be used in practical dynamic analyses of shear-frames. Finally, it should be noted that the ideas expressed in this research have the capability to be applied to other engineering structures and also non-linear systems with some modifications 
Now, considering Eq.(23) and the use of the trapezoidal rule, the integrals in this expression can be discretized as follows.
A.2. Simpson rule
Considering j th time step, i.e., t=j∆t (j=2,3,…).
In this case, 0 () t f t dt  can be approximated by the composite Simpson rule as follows
Similar to before, the discretized form of Eq.(23) using Simpson rule is given by
In this case, the inverse form of the Jacobian matrix can be expressed as 
Assuming the velocities of the previous step as the initial approximation, we can estimate the roots of Eq. 
By inserting the obtained value in the sequence of Eq.(B.1) and continuing calculations until convergence is achieved, the accuracy of the solution can be increased. Note that this quantity, [J] -1 , within the Modified Newton Raphson is determined only once in the iteration and is assumed to be constant during the next iterations [60] . 
where s is a transformed variable and the zero subscript denotes the initial value of at t=0.
Imposing the initial conditions and solving this system algebraically for F and G, we obtain 32 
